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SIRIUS A NUMERICAL METHODS - PRACTICE SESSION 17-06-2025

Practice Session: Numerical Methods

Kapteyn Learning Community, Sirius A
Give motivations and/or derivations for your answers.

1. Integration and Differential equations

(a) Explain the trapezoidal rule.
(b) Explain how to obtain the Euler method and the Runge-Kutta 4 method, and their differences.

(c) Given the integral
1
/0 e dz, (1)

approximate the result to 4 significant digits, using Simpson’s 1/3 rule with 4 subintervals.

(d) What are the true and relative errors in the approximation, with respect to the literature
value of 1.46267

Solution:

(a) Pick a step-size (Ax = |z; — x;—1|), compute the difference in function value at the one
point and at a new point a step-size away (f(z;—1) and f(x;)), and multiply the difference
between these with the step-size divided by 2. Sum this in the interval [a, b] and you
have an approximation for the integral.

(b) The Euler and RK4 method work based on a Taylor expansion approximation. For Euler’s
method, only one other point is used while RK4 makes use of four intervals and averages
to calculate the next point.

(c) First, we decompose the interval [0, 1] into 4 subintervals. Each subinterval needs to

have width h = (bza) = %. We then have as endpoints of the subintervals:

1 1 3
€T = — €T = —
2 ) 3 47

1 -1
1 2 i

0=0, x1=

We can now apply Simpson’s 1/3 rule:

[ @) do = S 1G0) + 40(o0) + 20(e2) + 4 (a3) + S =
— % [60 +4eT6 + 2e + des + el] ~ 1.4637

(d) The true error in the approximation is:
True Error = |True Value — Approximate Value| ~ 0.0011

The relative error is:

True E
Relative Error = — < " 0.00075 = 0.075%
True Value

1 of 10



A

SIRIUS A NUMERICAL METHODS - PRACTICE SESSION 17-06-2025

2. Numerical Linear Algrebra

Solve for AZ = b, where

N = s 00
CRIEEN BN
B~ 00 W o
00 i W N

(a) Using Doolittle’s decomposition.

and

14

17

16

(b) Now determine the condition number of matrix A using the row-sum norm and

M 1
72 36

-5 T

Al — 2 36
1 _1
24 12

0 0

(c¢) Is matrix A ill-conditioned?

17
54
_1
27
18

1
6

Solution:

[L\U] =

ro—

MO B B 00
MO B~ DO
B 00 W MO
O =~ W N
coo ®w oo o w

used to obtain U. This gives

=
Il
N ST

Uiz
Uso
L3o
Ly

S OO DWW O N

BIENI= = O

S NN g NN

Now, L can be recovered, noting that the factors
entries Loy = L3 = %, Ly =Ly = %, L3y = Lyg = % following the order of operations

= —= O O

Uiz
Uss
Uss
Lys3

To obtain U, we proceed by using row elimination

P[5 W N O

SN NN

(a) Doolittle’s decomposition decomposes matrix A in a lower triangular matrix L and an
upper triangular matrix U such that A = LU, and

Ui
Usy
5
Ust (5)
Uy
el [802 2 2
ra—gr2 |0 6 2 2
0 0 6 2
0 0 3 7 (6)
=U.

correspond to the

row x — factor X row y
( )

= o o O

(7)
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To solve for &, we first solve Ly = b (e.g., by forward substitution), and from that solve
UZ = ¢ through back substitution.
i can be calculated noting that y; = b; and using
k—1
yk:bk_ZLk]yﬁ k:2a3aan’ (8)
j=1
leading to
Yy = 147
y2 = 17 — 3(14) = 10, )
ys = 20 — 1(14) — 3(10) = 8,
ya =16 — 3(14) = (10) = 5(8) = 6
Subsequently, x is solved through back substitution
ya 6
U = = — = - = 1
44T4 = Y4 T4 U 6
— Usyz 8 —2(1
Ussxs + Usqwa = y3 zy = BT W _ 1
10 —2(1) — 2(1
Uzwa + Uggwz + Ugaza = Y2 Ty == (6) @) =1
14 —2(1) —2(1) — 2(1
Uiz + Urgwo + Urzzg + Unazg = - = 1 Ty == W 8() ():1
(10)
Thus, #=(1 1 1 1)'7T.
(b) The row-sum norm is defined as,
n
|A|l = max Z |A;j| = the largest sum of absolute values along the rows. (11)
1<isn £~
]_
And the matriz condition number is defined as,
cond(A) = [[A] A7 (12)
We get
row 1:84+2+24+2=14
row 2:44+74+3+3=17 (13)
row 3:4+4+8+4=20=||A|
row4d:2+2+4+4 8 =16,
and 11 1 1 1 47
row 2 ¢ |25 | + o5 + |9 | + |9 | = 7% ~ 0.338 (14)
row 3: |—55 |+ |—H|+ &+ |-k =2 =0375=||A7!|
row 4: 040+ |75+ § = § = 0.25.
Therefore, the condition number is ||A[| - A7 =202 = 12,
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(¢) Generally, a matrix is ill-conditioned if its condition number is very large, reaching infinity
if it is singular. So in this case A is not ill-conditioned.

3. Interpolation and extrapolation

(a) Why is extrapolating data much more ‘risky’ than interpolating data?

(b) Using (bi)linear interpolation between the set of data points (g, yo), (z1,%1),---, (Tn,Yn)-
What properties does the interpolation have at these data points?

(c¢) Explain how quadratic and cubic splines work.

(d) Consider the following data points

(‘TOﬁUO) = (070)7 (xlayl) = (17 1)7 (‘T27y2) = (270)‘ (15)

Construct the natural cubic spline S(x) interpolating these points. The “natural” means
S"(xg) = S”(x2) = 0 in this case. Set up and solve for the second derivatives My, My, My at
the knots and write the piecewise cubic polynomials on [0, 1] and [1,2].

(e) Now construct a Lagrange polynomial that interpolates the points given in (d)

(f) Is the Lagrange polynomial the same as the cubic splines over their respective intervals? Why
(not)?

(g) Why would you use a cubic spline instead of using a Lagrange polynomial?

Solution:

(a) Unlike interpolation, the method of extrapolation has no previous and next data points to
fit a polynomial locally. The effect is that extrapolation becomes increasingly inaccurate
(and thus more unlikely to fit the data) for increasing iterations.

(b) Linear interpolation methods suffer from discontinuous 1st derivatives at the known data
points.

(¢) Quadratic splines
A quadratic polynomial (f(x) = a + bx + cx?) is fitted in between the data points z;
and x;41 for the whole data set of length N. The fits are continuous at each data point
so that fx(xir1) = frr1(zit1), where fi is the local fit in between x; and x; 1 and fiiq
the local fit in between x;41 and x; 2. The derivatives of f are also continuous so that

f;/.;(ﬁwrl) = f;ﬁ;+1($i+1)~

Cubic splines

A cubic polynomial (f(z) = a+bx+ cx?+dx?) is fitted in between the data points z; and
x;41 for the whole data set of length V. It shares the same criteria as a quadratic spline
plus the fact that the second derivative must also be continuous: f;/(zi+1) = fi 1 (zit1)-
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(d) A “natural” cubic spline on [z, z2] with knots at xg,x1,z2 imposes that the second
derivatives at the two endpoints vanish:

M() = S”(J:‘()) = 0, M2 = S”(ZL‘Q) =0. (16)

We have three knots, so second derivatives My, M7, M>. Natural conditions give My = 0,
My = 0. Only M; is unknown. Let h = x1—29=1-0=1,and hy = z9—x1 =2—-1=1.

The standard tridiagonal system for a natural cubic spline with uniform spacing is, for
the interior knot x1:

hoMo + 2(ho + h1) My + hi My = 6<y2h—y1 - y1h—yo>‘ (17)
1 0

We substitute values:

e My=0, My =0,
e hp =h; =1, and
e yo=0,y =1 y2=0.

Right-hand side becomes

Y-y Y1—yw 0-1 1-0
- = 1) — (1) = —2. 18
e e R C) (18)

Thus,
1-0+20+1)M; +1-0 = 6x(-2) = 4M; =-12 = M; = -3. (19)
Hence, we can say that the knots would be

My=0, M;=-3, M,=0. (20)

For each subinterval [x;, z;+1] with h; = ;41 — =, the cubic spline can be written in
Hermite-like form using second derivatives:

M; M
SZ((I}> = @(xiﬂ—x)?’ + 6h+ (QZ—.’L'Z')B
+ (yi_ 5 Z) +]11, + (yi—H_ El > T (21)

For interval [0, 1] (i = 0), we have
[ ] ,IO:O, 1'1:1, h():l.
® MQ:O, M1:—3.
* Y =0,y =1
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Therefore, on [0, 1], the cubic spline is

1 3
So(z) = —§$3 + 52 (22)
For interval [1,2] (i = 1), we have
e ;=1 20=2, hy =1.
[ ] M1:—3, MQZO]
oy =1, yp=0.
Hence, on [1, 2], the cubic spline is
1 . 3
Si(x) = —5(2—1') + 5(2—x). (23)

Thus, the cubic spline is

S(z) = —%:133 + %x, 0<zx<1 (24)
—1@2-z)P3 + 3(2-12), 1<az<2

(e) Using the formula for a Lagrange polynomial.

P =>"u]] j‘_ (25)

i=0  j#i

Then filling in the points gives:

P =0 (51 5= D+ 0 (15 153 )+ 0 (525 5=1)
Pla) = (f:gf:;) v (2—1) = -2+ 2

(26)

(f) The Lagrange polynomial is not the same as the cubic spline over [0; 1] or [1;2]. Reasons
for this are: - the Lagrange polynomial does not have the derivative constraints and
therefore behaves differently - the Lagrange polynomial is a global interpolation while
splines are local, this causes behaviour to differ

(g) You should use cubic splines instead of Lagrange polynomials if you need your interpola-
tion to have local behaviour or appear to be visibly smooth (Cs continuous). Additionally,
you could answer that a cubic spline has more stable behaviour with many points.

4. Root Finding

(a) Describe how the bisection and the Newton-Rhapson methods work.
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(b) Find the root of the following equation
i 1 sin Eall 2
flz) = esin(0-207-1) _ 9 with f(z) = R 2ze ( 5 1> cos <:1: — 1>] (27)

in the interval [2.5, 4] analytically.
(¢) And using bisection twice.
(d) And using two Newton-Raphson iterations starting with xo = 3.4.

(e) In addition, estimate how many bisection iterations would be necessary to reach a relative
tolerance of € = 10777

(f) And roughly how many Newton-Raphson iterations would it take to reach this same toler-
ance?

(g) Describe why you would use Newton-Raphson or Bisection. Which one is generally preferred?

(h) How can you find a maximum by root finding? what does this require of the function?

Solution:

(a) The bisection method starts with evaluating the function at two points, one of the two
points should result in a negative number. The function is then evaluated at the point
in between the two boundaries, if the result is positive the positive boundary is replaced
by the halfway point, and if the value is negative the negative boundary is replaced by
the halfway point. Repeating this converges on the root.

Newton-Rhapson only needs one starting point, it then uses the derivative of the function
to extrapolate the slope out to a point where the slope crosses zero, this point is then the
next point of evaluation. Again this is iterated.

sin (0.222—1)

e —9—0— eSin (0.222-1) _ )
1
sin <5x2 — 1> =In(2)
1
— 6332 — 1 =arcsin (In (2)) + 2k7 for k € N (28)

. V/5laresin (In (2)) + 1 + 2k7]
B —+/5larcsin (In (2)) + 1 + 2k7]

Note that there are multiple solutions due to the square root, 4, and arcsin’s periodicity.
The solution within the interval is = /5[arcsin (In(2)) + 1] ~ 2.97140 ~ 3.

(c) The root is estimated to be the middle of the interval.
1%t iteration: mid = ‘ZTH’ = % = 3.25. The next iteration is determined by determining
new bounds through ¢ = mid if f(a) x f(mid) > 0 otherwise b = mid.
f(2.5) x f(3.25) ~ —0.32495 < 0 — b = mid.
27d jteration: mid = w = 2.875, which is the root after two iterations.
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(d) The Newton-Raphson method defines the root ;41 as,

f (@)
i1 = X — . 29
T ) (29)
For the first iteration, zg = 3.4 and we get 1 = g — ]{”/((a;oo)) ~ 34— 8:8?2% ~ 2.7124.
f(z1)

And for the second iteration, the estimate for the root becomes xo = z1 — Ty ~

2.7124 + F2222 ~ 2.9917.

—-b 25—-14
g

(f) As Newton-Raphson converges quadratically and bisection linearly, it reaches the toler-
ance in roughly /Npisection = 4 steps.

(g) The bisection method always works but is slow. The Newton-Rhapson method is faster
but the function needs to be differentiable.

(h) A maximum can be found by finding the root(s) in the derivative. And I suppose you
need to make sure the second derivative is positive. As long as you can compute the
derivative, you can find the root.

5. Floating-point Error

Throughout this exercise, use base b = 10 and precision p = 2 (two significant digits in the signif-
icand), and the round-half-up convention.

[ _
The fractional error is defined as E; = W
Ttrue

For each operation below: express each operand in floating-point form, compute the floating-point
result, and find Ey.

(a) Compute fI1(48 + 77).

(b) Compute fI(576 — 560).
Why is E; so much larger than in (a), even though the individual rounding error on fI(576)
is less than 1%?

(c) Compute fI1(57 x 78).
(d) Compute fI1(1/7).

hint: for any real number z, the floating-point representation in base 10 is fl(z) = s x 10°
where 1 < s < 10 and s is rounded to p significant digits.
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(b)

Solution:

(a) Addition

fl(48) = 4.8 x 101 (exact),  fI(77) = 7.7 x 10" (exact)
48 477 = 125 = 1.25 x 10°

The 3rd significant digit is 5 > 5, so we round up:

f1(125) = 1.3 x 10? = 130

C[130—125] 5
N 125 125 25

Ey

Subtraction

fI(576) = 5.8 x 10 = 580 (3rd digit = 6 > 5, round up)
f1(560) = 5.6 x 10% = 560 (exact)
fU(576) — f1(560) = 580 — 560 = 20

2016 4 1
E = - = — = — = 2
I 16 16 4 5%

Why is this so large? From the error propagation formula (for y = a — b):

Sy Sa—db

E
! Y a—1b

Here da = |580 — 576| = 4, 6b = 0, and a — b = 16. Even though the individual rounding
error of f1(576) is only 4/576 ~ 0.7%, dividing by the small difference a —b = 16 amplifies
it to 4/16 = 25%.

This is catastrophic cancellation: when two nearly equal numbers are subtracted, the
relative error in their difference can be far larger than the individual rounding errors.
The closer a ~ b, the larger E; becomes.

Multiplication

fl(57) = 5.7 x 101 (exact), f1(78) = 7.8 x 10*  (exact)

57 X T8 = 4446 = 4.446 x 103

The 3rd digit is 4 < 5, round down:
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£1(4446) = 4.4 x 10% = 4400

4400 — 4446] 46

E _
! 4446 4446

~ 1%

(d) Division

The 3rd significant digit is 2 < 5, round down:

fl(1/7) =14 x 1071 =0.14

:7><M:

E
I 350

1

0.14 — 1| 71
= = X
50 7

7

the algorithm

1
== 0.142857 ... = 1.42857...x 107!

350

1

=1==2%

50

From error propagation for y = axb: Ef ~ da/a+0b/b (first order approximation), which
is well-defined for any a,b. Multiplication does not suffer from catastrophic cancellation.

Note: in iterative procedures, this 2% error could accumulate at every step depending on
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