SIRIUS A LINEAR ALGEBRA (FOR PHYSICS) - PRACTICE SESSION 02-04-2026

Practice session: Linear Algebra (For Physics)

Kapteyn Learning Community Sirius A
Give motivations and/or derivations for your answers.

1. Question 1

Check whether in each case the given vectors form a basis in the corresponding vector space.
Justify your response.

1 4 7
(a) Vi = 2 , V2 = 5 , U3 = 8
3 6 9

If yes, give the transition matrices from the V basis to the E basis, and from E basis to V
basis. Also write the coordinate vector xE given in basis E as a coordinate vector xV in basis

V.
0

xgp =11
4
1 2 0 0
2 —1 0 0
0 0 6 -1

If yes, give the transition matrices from the V basis to the E basis, and from E basis to V
basis. Also write the coordinate vector xE given in basis E as a coordinate vector xV in basis
V.

XE =

=~ =0 O

Solution: Calculate the determinant:
- If the determinant is zero, the vectors are linearly dependent.
- If the determinant is nonzero, the vectors are linearly independent.

(a)
det =0

Since the determinant is zero, the three vectors are linearly dependent and cannot form
a basis.

(b)
det = 15

Since the determinant is nonzero, the three vectors are linearly independent and form a
basis.
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1/5] T 2/5 0 0
. i [2/8] | =1/50 0] |0
The inverse of the matrix is: . 0 0 1/3 0
0 0 2] [
0
SO Xy/1S : 0
L B VE!
-2

2. Question 2

Determine whether the following sets of vectors are linearly independent:
(a) {1,2%,2%2 -1} € P3
(b) {sinh(z),cosh(x)} € C?[0,1]

(c) Given the vectors:
p(z) =2a, q(z)=4z+2, r(z)=(a—2)z?

with p(z), q(z),r(z) € P3 and a to be determined, find for which values of a the three vectors
are linearly independent and therefore form a basis of Ps.

Solution: Calculate the Wronskian to determine if the vectors are linearly independent.
- If the Wronskian is nonzero, the vectors are linearly independent.
- If the Wronskian is zero, further analysis is needed.

(a)
W(l,2% 2> —1)=0

can express 2 — 1 as a linear combination of 1 and 22, so the set is linearly dependent.
(b)
W (sinh(z), cosh(z)) = —1
Since the Wronskian is nonzero, the functions are linearly independent.
(c)
Wi(p(z),q(z),r(z)) #0 for 16a(a —2)#0

So, the vectors are linearly independent for a # 0 and a # 2.
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Question 3

The coupled system of 2 differential equations is given by:
21 (t) = 221 (t) + 3a2(2)
xh(t) = —2x1(t) + 622(t)
with boundary conditions x1(0) = 0.5v/2, 29(0) = —1.

(a) Compute the (complex) eigenvalues and eigenvectors of this system.

(b) Give the general real-valued solution of this system of differential equations.

(¢) Give the real-valued solution, x(t), of the initial-value problem.

Solution:
(a) Solution question 3a. Given the system represented by the matrix:

2 3
SRR
We need to find the eigenvalues A by using;:
det(A—AI)=0

2—-X 3
det(A — \I) —det{ o 6—)\]

M=44+iV2, d=4—iVv2
Eigenvector for A\; = 4 + i/2:

UM el

() 1

vl] _ [1 - (z\/ﬁ)/z]

|

Eigenvector for Ay = 4 — i/2:
vl] _ [1+ (z'\/i)/2]

V2= |:’l)2 1
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(b) To obtain the real-valued solution, we write the general solution in terms of real and imaginary
parts. Let:

vi = Re(v) +iIm(v)

The real-valued general solution is:

x(t) = et [cl (Re(v) cos(v2t) — Im(v) sin(\/it)) +e (Re(v) sin(v2t) + Im(v) cos(\/it))}

Expanding the components:

x(t) =

M B

(c) where ¢1, co are constants that can be determined by the initial conditions, ¢;=-1 co=-1-/2

T e e R W g

Question 4

Given the vectors:

5 4 2 -1
v=1|2|, a=|-1|, b=]3], c=1|96
5 3 -2 4

with the parameters v and J to be determined.
(a) For which value(s) of v and ¢ is the vector v in Span{a,b,c}?

(b) For which value(s) of § are a, b and c linear dependent? Express a as a linear combination of
b and c in this case.

(c) Using the value(s) of ¢ from part (b), give the 3 unit vectors in the direction of the vectors a, b
and c.

(d) For which value(s) of ¢ are the vectors b and ¢ orthogonal?

Solution: We need to determine for which values of v and & the vector v is in the span of a, b,
and c. This means that there exist scalars x,y, and z such that:

ra+yb+zc=v. (1)
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Substituting the given vectors:

4 2 -1 ~
x |-l +y |3 |+2z|d|=]2]. (2)
3 -2 4 5

We get the augmented matrix:

4 2 =1 |y

-1 3 & |2]. (3)
3 -2 4 |5

42 -1 Iy

0 14 —1+45 |y+8 |. (4)

0 0 52 |y-142

Conclusion: v will be in Span {a, b, c} if:

1) § # % (one solution)

OR

2)If 6 = %and v = 142 (the last row is all 0’s, there is a free variable and so there are infinite

solutions.)

b) For this we need to calculate

4 2 -1
detlabc] =det |[-1 3 9§ |. (5)
3 -2 4

and find for which value(s) ¢ = 0, which is the condition for the vectors to be linearly dependent.
The determinant turns out to be equal to 149 + 63 therefore if § = _1—23 or _79 the vectors are
linearly dependent.

To express a as a linear combination of b and ¢ we need to find the values of A and p that
verify the equation:

a=A\b+ puc (6)

and solve the corresponding system of equations for one of the values of § we get:
a=19/16b+ 7/3c (7)

c¢) Taking § = —9/2, the three vectors are:

4 2 -1
a=|—-1|, b=]|3]|, c= —%
3 -2 4

The moduli of the three vectors are:
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— 149
The unit vectors are:
a 1 41 b 1 g c 4 _;
al V26 | 5 |7 Bl VAT | |7 el V149 | 2

d) Two vectors are orthogonal if and only if their dot product is equal to zero.

aTh=2(1)+36 + (-2)4 = 0. (8)

So the two vectors will be orthogonal if § = 13—0.

Question 5

Let Ps be the vector space consisting of all polynomials p with real coefficients of degree less than
3. For each transformation L : P; — P53 defined below, show that the transformation is linear and
find the matrix representation of L with respect to the basis A = {22, z,1}.
Also, apply the transformation using the matrix to the polynomial p(z) = az? + bz + ¢ written as
the coordinate vector with respect to the basis A, and show that this is the same as calculating the
derivatives/integrals of the polynomial p(x) in the usual way.

(a)
2
L(p) = (0.5;6 + 4% - 2> p(z)

(b)

L{p) = ¢ (e *p(x)
Solution:
(a)
L(z?) = =222 + © + 8 = —2(2?) + 1(z) + 8(1)
L(z) = -2z + % = 0(x?) — 2(x) + %(1)
L(1) = =2 = 0(2?) 4+ 0(x) — 2(1)
So, B is:
—2 0 0
B=1|1/|, |-2|, |0
8 3 —2
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So, with x 4, we have:

a
xa= |0
c
Then, B X x4 is:
—2a
Bxy = a—2b
8a + %b —2c
Now, apply the transformation L:
L(p) = 0.5-4 +4d2 2 | (ax® + bz + c)
p)=|{0. o T2 azx T + ¢

1
:—2aa:2—2b:c—2c+§b+ax+8a

L(p) = —p(z) + %p(w)
L(z?) = —2% 4 22 = —1(2?) 4+ 2(z) + 0(1)
L(z) = —x+1=0(z?) — 1(z) + 1(1)

L(1) = -1 =0(z*) — 0(x) — 1(1)

Then B is:
-1 0 0
B=1|2/|, -1, 0
0 1 -1
Then, B X x4 is:
—a
BxA: 2a — b
b—c

Now, apply the transformation L:

L(p) = e:C% (e_z(aac2 + bz + ¢))

d
= —(az® + bz +c) + %(axQ + bz +c¢)

= —az’ 4+ (2a — b)z + (b —¢)
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